Using perturbation theory, we propose possible first-order approximations of qS-wave phase velocities for a weakly anisotropic medium under anisotropic reference media. The chosen reference media have the features of non-degenerate qS waves. It is found that the usually arbitrarily chosen zeroth-order eigenvector basis associated with the degenerate shear waves in an isotropic reference medium are none other than the shear-wave polarization vectors in one such anisotropic reference medium. It follows that the qS-wave phase velocities are approximated as linear functions of the elastic constants of a weakly anisotropic medium. The expressions illustrate that the qS-wave speeds have the most probably sensitive coefficients C 44 , C 55 , C 66 , [2(C 12 + 2C 66 ) − (C 11 + C 22 )], [2(C 13 + 2C 55 ) − (C 11 + C 33 )], [2(C 23 + 2C 44 ) − (C 22 + C 33 )], and those quantifying the deviation from orthorhombic symmetry. Numerical examples in an orthorhombic medium show that the present simpler approximations are sufficiently applicable to propagation directions being close to symmetry planes or around symmetry axes and achieve, in these cases, the same order accuracy of approximation as the quadratic equations derived from degenerate perturbation theory. In light of the used anisotropic reference media, the validity of the approximations presented should be limited to anisotropic solids that possess at least one plane of symmetry.
Introduction
In anisotropic media, there are three bulk modes that propagate with distinct phase velocities and the particle displacements for these wave modes are generally neither along nor perpendicular to the wave normal. These modes are usually called qP and qS waves and become pure P and S waves only in isotropic media.
The phase velocities and the polarization vectors of these three waves, governed by the well-known Christoffel equation, are generally very complicated functions of the wave normal and the elastic constant tensor. On symmetry planes of orthorhombic or higher symmetry systems the complexity of these expressions is reduced to a certain extent.
Yet from a theoretical point of view as well as for practical applications in fields as diverse as seismology and non-destructive evaluation, it is quite useful to simplify such complicated functions under some reasonable assumptions or conditions. This may not only offer better physical insight into the dependence of wave propagation, but also substantially facilitate the solution of forward and inverse problems.
Motivated by these actual needs, a number of researchers have made efforts to seek approximations of the wave phase velocities in anisotropic media with higher symmetry (e.g. transverse isotropy) and arbitrary symmetry by employing linearizing methods [1] [2] [3] [4] [5] [6] [7] [8] [9] .
Among these methods the perturbation approach is a powerful tool. Recently, a review on the various linearized approximations of phase velocities was given by Song et al [10] . Farra [11] further discussed the use of the higher order perturbations on the approximations of phase velocities and polarizations of qP and qS waves.
So far, the use of perturbation theory in the area of wave propagation is usually carried out by assuming an isotropic reference medium, which has the simplest analytical solution. In this approach, the anisotropy is naturally treated as a perturbation from isotropy. It follows that the first-order approximation of the qP phase velocity along an arbitrary direction of propagation is explicitly expressed as a linear function of the elastic constants of weakly anisotropic media. It has been demonstrated that the qP approximation works very well even for fairly large degrees of anisotropy [3, 7] . For the qP wave, Mensch and Farra [12] developed a Hamiltonian ray tracing approach for a weakly orthorhombic medium using an ellipsoidal reference medium, whose principal axes are parallel to the principal axes of orthorhombic symmetry. Ettrich et al [13] presented an averaging technique to compute a bestfitting reference ellipsoidal medium to an arbitrary anisotropic medium.
For qS waves, the degenerate case occurs for reference isotropic media. For the general symmetry case the derived first-order approximations for qS-wave phase velocities along an arbitrary direction are complicated non-linear functions of the elastic constants. Song et al [10] suggested qS-wave phase velocity expressions which are linear functions of the elastic constants, assuming that wave propagation has a slight deviation from a symmetry plane of the orthorhombic medium. Mensch and Rasolofosaon [6] presented the approximations of qS-wave phase velocities by a coordinate-rotational technique, which also take the same form as those from the firstorder degenerate perturbation theory. Notably, they used a special anisotropic reference medium for their derivation. In particular, this reference medium has characteristics that are isotropic with respect to a qP wave but may have two different shear waves.
Therefore, such characteristics naturally spur us to apply, in a different way from Mensch and Rasolofosaon [6] , nondegenerate perturbation theory to qS waves in such kinds of reference media. As a result, first-order approximations of qS-wave phase velocities are obtained that are now expressed in the form of linear functions of elastic constants of an anisotropic medium, as given below.
In the following sections, we first describe the fundamental equations being used in the development of the perturbation theory. Second, the choices of special reference anisotropic media are discussed in detail. Then, the explicit linear expansions of the phase velocities are presented for general and orthorhombic media. Finally, the accuracy and limitation of the approximations are illustrated by numerical examples.
Perturbation expansions of Christoffel equations: non-degenerate case
Elastic wave propagation in homogeneous anisotropic media is described by the Christoffel equations [14] :
In this equation, is the (symmetric) Christoffel tensor whose elements are ij = C ij kl n k n l ; C ij kl is the fourth-rank tensor of elastic stiffnesses of the medium with at most 21 independent constants and n j the component of wave normal n; a is the eigenvector or unit polarization vector of the equation; σ = ρv 2 is the corresponding eigenvalue where ρ is the density of the medium and v is the phase velocity. The characteristic equation of (1) is
where I is an identity matrix. This equation, being cubic in σ , generally has three distinct roots corresponding to a qP and two qS waves with mutually orthogonal polarization vectors. Closed form expressions for the three roots can be obtained for an arbitrary anisotropic medium, and these simplify for certain special cases [15] . Now, let us consider perturbation of the Christoffel equation. Assuming that we have a reference medium with the elastic constants C (0) ij kl , then the original elastic constant matrix C ij kl of the considered medium can be decomposed into [3, 5] C ij kl = C (0) ij kl + εC (1) ij kl ,
where εC (1) ij kl is regarded as a perturbation and ε is a small parameter used to develop the perturbation series [16] . The perturbation of εC (1) ij kl of the reference medium leads to the perturbed Christoffel tensor = (0) +ε (1) . So the perturbed Christoffel equation is
where the eigenvalue and eigenvector have expansions in
where m = 1, 2, 3. Substituting equations (5a) and (5b) into equation (4) and equating the coefficients of powers of ε, we obtain, for the non-degenerate case, the first-order eigenvalue corrections and the first-order eigenvector corrections [5, 11] :
where m, q = 1, 2, 3 and the superscript T means vector transpose. One observes that the eigenvalue and eigenvector corrections are dependent on the unperturbed eigenvectors defined in a reference medium [16] . Here, the purpose of presenting equation (6b) is to show that the first-order eigenvalue correction (equation (6a)) is implicitly validated under the condition σ
q , i.e. there is no singularity in a direction of propagation. Moreover, we would like to emphasize the constraints that not only the perturbation of the eigenvalue should be small (equation (5a)), but the perturbation of the polarization as well (equation (5b)), if an anisotropic reference medium is used. This is why the use of an ellipsoidal anisotropic reference medium should be interesting for directions close to a symmetry plane as described below. In an isotropic reference medium where the degenerate S-wave eigenvectors are undetermined, the associated zeroth-order polarization vectors, having to be constructed by the linear combination of the two chosen vectors in a plane perpendicular to a wave propagation direction, depend on the perturbed elastic parameters and, therefore, the constraint on the polarization can be satisfied automatically [11] .
Anisotropic reference medium
When using perturbation theory, one has the freedom to choose a reference medium. As a general rule, the physical properties of the chosen reference medium should be as close to those of the studied medium as possible and, at the same time, a simple analytical solution should exist. Obviously, a straightforward choice is to use an isotropic reference medium and assume weak anisotropy of the medium under study. However, since an isotropic medium has the two degenerate shear waves, degenerate perturbation theory has to be used in such a case in order to develop the first-order approximations for qS waves. As a result, the associated approximations then have to be expressed intricately as the square roots of a quadratic function and are thus highly nonlinear in the elastic constants of the medium.
Next, we consider the other possible reference medium having non-degenerate shear waves. One form of a reference medium that has such desired properties was proposed by Mensch and Rasolofosaon [6] . Nevertheless, in their development, the wave propagation characteristics were ignored for such a special reference medium. Now, we start with a reference medium that possesses orthorhombic symmetry. Using the Voigt matrix notation C αβ (α, β = 1, . . . , 6; C αβ = C βα ) for the elastic constants C ij kl , the possible reference elastic matrix is
This matrix has seven independent elastic constants. Following Mensch and Rasolofosaon [6] , the independent number in this matrix could be further reduced to four by imposing the conditions:
Given the wave normal vector n, the components of the corresponding Christoffel matrix (0) are
Now, the reference medium defined by the elastic matrix (7) and the conditions (8) is isotropic for the qP wave, whose square phase velocity is C (0) 11 in any direction and whose polarization vector is along the wave normal n. Denoting the polarization vectors of the two qS waves as ξ and η, let us consider possible analytical solutions of the qS waves in the reference medium. For the moment it suffices to write the following relations for the above elastic matrix:
(10) Note that the above derivations have used the cross-product relationships among the three orthogonal eigenvectors n, ξ and η. From (10), it is interesting to observe that the vectors n and ξ, and n and η are orthogonal with respect to the reference Christoffel tensor (0) . We call this property conjugate orthogonality by analogy with the conjugate concept in numerical mathematics. To make the two shear polarization vectors satisfy the conjugate orthogonal condition too, we need to impose new constraints, together with conditions (8), on the elastic matrix.
First, let us set
66 ξ 3 η 3 = 0. Then, in connection with the vector orthogonal relation
The relations (11) imply the following four possible choices or cases:
66 ; where ξ 3 = 0 and Note that for the last (4) and the second (2) possible choices, the elastic matrix (7) under conditions (8) corresponds to a well-known isotropic reference medium (that will not be considered further here), and the reference medium of Mensch and Rasolofosaon [6] (see their equation (27)), respectively. For the first three cases, we can now easily write down the eigenvalues and eigenvectors of their corresponding Christoffel equation (1):
where
Case 2 σ (0)
Case 3 σ (0)
For all three cases, we can specify the eigenvalues associated with the P wave and the two S waves as
respectively (by definition the subscript S 1 represents the fast shear wave and S 2 the slow shear wave). We observe that the solutions are simple and analytical. They represent one pure longitudinal wave and two pure nondegenerate shear waves. The polarization vector of one of the pure shear waves always lies in one of the symmetry planes, for example, in the x-y plane for case 1. In particular, we can give a physical interpretation of the arbitrarily chosen unit vectors for the degenerate transverse waves commonly used in an isotropic reference medium [7, 10, 11] . Indeed, they are exactly the shear polarization vectors for case 1. Similarly, one may choose one of the other two sets of shear eigenvectors for the cases 2 and 3 for the degenerate perturbation case. The solution characteristics of the three anisotropic reference media suggest that a reasonable choice of them depend on that symmetry plane which is the closest to the region of interest.
Chadwick and Norris [17] studied the conditions under which the slowness surfaces of an anisotropic elastic material consist of aligned ellipsoids. Interestingly, by adding an elastic constant constraint C 11 = C 13 + 2C 44 to the conditions (C3) 1 discussed by Chadwick and Norris [17] , their results for the eigenvalues (S3) 1 and eigenvectors (P3) 1 of the Christoffel equation could be simplified as those of case 1. The set of eigenvalues for each of the cases here describes the slowness surfaces with two spherical sheets and one ellipsoidal sheet. Following Chadwick and Norris [17] , a medium, defined by the elastic matrix (7) and subjected to both the conditions (8) and one of the first three further possible choices on the reference shear moduli, may in a generalized sense be regarded as one class of ellipsoidal reference medium.
Specification of the reference elastic constants
In this section, we would like to specify the reference elastic constants in terms of a weakly anisotropic medium. Like Mensch and Rasolofosaon [6] , we may simply set the qP and qS wave moduli along a specially interested direction of wave propagation, e.g. the vertical or the horizontal direction, as reference constants. They may be set as the averaging quantities, for instance,
for case 1.
More rigorously, we can use Fedorov's method [18] to derive the reference elastic constants by minimizing a function F that is the sum of the squared difference between the Christoffel matrices ij and (0) ij of the anisotropic and reference media, respectively: (15) where the symbol denotes the averaging operation over all directions of n, in order to obtain a relation that is solely dependent on the material properties. Through this minimization procedure and some algebraic manipulations, we obtain the reference elastic constants of the elastic matrix under the conditions (8) 
where the symbol˜denotes the arithmetic average. Of course, equation (17) 66 in equations (16b)-(16d) yields the shear modulus in an isotropic reference medium [8] :
The reference medium, specified by such a minimization procedure, is called an isotropic/anisotropic replacement medium (IRM/ARM) [6, 8, 11, 18] . To quantify the 'intrinsic' deviation of the considered medium from a reference medium and taking, at the same time, the effects of wave propagation into account, we may use
where · denotes the norm, and and (0) are the Christoffel matrices of the considered medium and a reference medium, respectively. Mensch and Rasolofosaon [6] directly used the elastic constant matrices to do this.
Expansions for the phase velocities of qS waves
Using the eigenvalues in one of the anisotropic reference media and their non-degeneracy, as discussed in section 3, we can directly write down the phase velocities to first-order:
where the corrected shear-wave eigenvalues follow from the relationships
For comparisons, the first-order expressions for the qS-wave phase velocities under a degenerate isotropic reference medium are also listed as [10, 11] 
where '+' and '−' before the square root term correspond to qS 1 and qS 2 waves, respectively. Substituting the expanded expressions for the component ij and the corresponding unperturbed polarization vectors in one of the anisotropic reference media, e.g. in equation (12) for case 1 into equation (20), we get the following explicit firstorder approximate formulae for the phase velocities in general anisotropy: It can be seen that the qP wave in equation (22a) [3, [6] [7] [8] , the latter 9 parameters of which involve the 12 elastic constants quantifying the deviation from orthorhombic symmetry. The expressions in equations (22b) For higher order symmetry media, namely, orthorhombic media, the equations (22b)-(22c) for qS waves can be further reduced to Equations (23a)-(23b) have been suggested by Song et al [10] , who considered that the term ij ξ i η j in equation (21) may be sufficiently small to be negligible when the wave vector deviates only slightly from the x-y symmetry plane, because its expansion has the leading factor n 1 n 2 n 3 as shown below:
(24) Note that the above expansions are based on the eigenvectors ξ and η in case 1.
Under the reference medium in case 2, the approximate expressions of qS-wave phase velocities in a weakly orthorhombic medium will take the form As stated previously, we may choose the eigenvectors ξ and η in case 2 as a zeroth-order eigenvector basis associated with the degenerate shear waves in an isotropic reference medium. With this choice, the expansion of the term ij ξ i η j in equation (21) now is
(26) and also has the leading factor n 1 n 2 n 3 . This again illustrates that the term ij ξ i η j in equation (21) may be sufficiently small to be negligible when the wave vector is near the x-z symmetry plane.
These two sets of approximations (23) and (25) for weakly orthorhombic media, assuming that the polarization of one of the qS waves is not too much perturbed from that of a pure mode for the reference media of cases 1 and 2, show that the qS-wave phase velocities, propagating near the x-y plane or the x-z plane, will be mostly influenced by the different elastic constants or combinations.
Numerical examples
We test the validity of the linearized approximations for the qS waves using the orthorhombic medium of Farra [11] , which has the density-normalized elastic constants (in units of km 2 (16a) and (18) . The corresponding ARM medium computed by equations (16a), (17) and (16d) deviations of the orthorhombic medium from the IRM and ARM media are 9.5% and 9.2%, respectively. Here, the intrinsic IRM deviation of 9.5% is smaller that of 10.6% in Farra [11] , who used the elastic tensor for the calculation.
First, let us inspect the plot at the polar angle (measured from the vertical z-axis) of 60˚. In figure 1(a) , both the linear (equation (23)) and the quadratic approximations (equation (21)) for qS 1 (fast quasi-shear wave) are good, with average relative errors of only 0.21% and 0.05%, respectively. One also notices that the quadratic equation is a better approximation in the middle azimuthal range than the linear one. Compared to the fast quasi-shear wave, the approximations for the qS 2 wave (slow quasi-shear wave) have higher errors, with 1.09% for the linear and 0.80% for the quadratic equation. The approximate phase velocities of the qS 2 wave are larger than the exact ones in the azimuthal range 0-90˚. This implies the need for some amount of corrections from the higher order perturbations (see details in Farra [11] ). Here we only focus on the issues of the first-order approximation of qS-wave phase velocities.
When the polar angle is gradually increased towards the x-y plane, the above described differences between the approximate and the exact phase velocities are reduced significantly and the approximate curves get closer and closer to the exact ones, as shown in figures 1(b)-(d). In particular, the simpler linear equations could yield satisfactory approximations like the quadratic equations. For the linear approximations, the errors at a polar angle of 70˚are now decreased to 0.11% and 0.66% for qS 1 and qS 2 waves, respectively; and for a polar angle of 80˚the errors are further reduced to 0.017% and 0.20% for the two qS waves, respectively. Even within the polar angle range 80-90˚, the errors in the linear approximations of qS 1 waves are smaller than those in the quadratic ones, as depicted in table 1.
It is observed that the direction factor n (12)). However, using the linear equations (25a)-(25b) which now contain the direction factor n −2 13 and correspond to one reference shear polarization in the x-z plane (see equation (13)), the qS waves can be well approximated like using the quadratic equations, as illustrated in figure 2(a) . At this polar angle, the average errors in the linear approximations are 0.20% and 0.05% for qS 1 and qS 2 waves, respectively, being exactly the same as those of the quadratic approximations. For the polar angles of 30å nd 40˚, the results in figures 2(b)-(c) from both the linear (25a)-(25b) and the quadratic equations have similar orders of approximation accuracy; however, they are less satisfactory, due to the singularity between this polar angle interval [11] , than those at the polar angle of 20˚shown in figure 2(a).
Conclusions
This paper, discussing the choices of a set of ellipsoidal reference media, explored the possible first-order approximations of qS-wave phase velocities for a weakly anisotropic medium by non-degenerate perturbation theory. The derived approximations appear as linear functions of the elastic constants of an anisotropic medium. The corresponding expressions show that the qS-wave speeds are most probably sensitive to the elastic coefficients C 44 , C 55 , C 66 , [2(C 12 , and those constants quantifying the deviation from orthorhombic symmetry. In addition, we could give a physical interpretation that the usually arbitrarily chosen zeroth-order eigenvector basis associated with the degenerate shear waves in an isotropic reference medium are none other than the shear-wave polarization vectors in one of anisotropic reference media discussed here.
In form, the present expressions are different from the usual first-order degenerate approximation of qS-wave phase velocities, which are the square roots of a quadratic function of the medium elastic constants. We see that the perturbed approximations may be simple or complex, depending on the reference medium used. Of course, the validity of the associated approximations might be limited to a certain range.
The numerical tests in the orthorhombic medium demonstrate that the simpler linear approximation is sufficiently applicable to propagation directions close to symmetry planes or around symmetry axes and does in these cases achieve the same order of accuracy of approximation as the quadratic equations. However, in view of the anisotropic reference media used, the valid use of these approximations should be limited to materials having at least one plane of symmetry. Note that the quadratic approximations can be used in a relatively large range of angles, as they have the property of rotational invariance in a plane perpendicular to the wave normal [10] . In summary, this study provides a theoretical and practical basis to possibly simplify inverse problems involving material characterization in non-destructive testing or seismology under qS-wave arrival measurement slightly deviating from symmetry planes/axes.
